Cavity solitons can move up or down phase gradients, or even remain motionless regardless of background modulations. Abrupt changes in their direction of motion and final destination occur on increasing the background modulation wavenumber. OCIS codes: 190.4420, 190.5530, 190.3100 Arrays of spatially localized structures are of wide scientific interest in photonics [1] . Studies of the behavior of spatial solitons on inhomogeneous backgrounds have shown that the breaking of translational invariance leads to their motion [2, 3, 4, 5, 6] . For example, cavity solitons in nonlinear absorbers [2] and frequency converters [5, 6] move up phase gradients.
Here we present a previously unrecognized phenomenon associated with certain types of regular modulation [7] . Specifically, we show that for a sinusoidal modulation of wavevector K, the cavity soliton velocity is proportional to a simple, but nontrivial, function A(K). When A(K) changes sign, the direction of motion is therefore reversed. Furthermore, at frequencies where A(K) is zero, solitons are stationary at any spatial location in spite of the background modulations. These results are of crucial relevance when constructing robust arrays of solitons for information processing [1, 8] and quantum imaging [9] . Our predictions are verified in models of photonic systems such as nonlinear absorbers in optical cavities [2] , and degenerate optical parametric oscillators [10] .
We consider a field governed by equations of the form:
The quantity W represents a column vector of field variables while H is a function containing both linear and nonlinear terms. The real quantity µ parameterizes the magnitude of the spatial-symmetry breaking term while g(W ; x) may be either homogeneous or inhomogeneous in W . Many pattern-forming systems can be described by models of this form, including nonlinear optical cavities [1] . In the subsequent discussion we will restrict ourselves to one spatial dimension (∇ 2 ≡ ∂ xx ) but the results generalize to two transverse dimensions [7] .
We assume that Eq. (1) possesses a time-independent, localized solution (a cavity soliton for cavity systems), W 0 (x), when µ is set to zero. Because of the translational invariance the Jacobian L of H(W, ∇ 2 W ) has at least one zero eigenvalue corresponding to the eigenvector φ 0 (x) ∝ ∂ x W 0 . We now consider 0 < |µ| 1, and assume that g(W ; x) is not a constant. All spatial positions are no longer equivalent and, in general, the localized solution will move. A well known result is that the velocity of the localized solution at a point x is [4] :
where L † ψ 0 = 0 and ψ 0 |φ 0 = 1.
In the optics community this result has served to support the view that cavity solitons climb the gradient of any externally applied phase modulations, a phenomenon seen in several theoretical [2, 5, 6] and experimental [11] contexts.
We consider now the case of a cosinusoidal (or sinusoidal) perturbation g(W ; x) = ξ(W ) cos(Kx). Our main result is that the velocity v(x) factorizes into a spatially-independent amplitude A(K) and a sinusoid with the same frequency as, but different phase from, the perturbation g(W ; x). The amplitude term A(K) of the velocity v(x) is given by
where F( ) denotes a Fourier transform (FT). From this it can be seen that g(W ; x) couples to the translational mode of the system only through the Fourier component of ψ * 0 · ξ at the same frequency. If A(K) changes sign for some value of K, a solution which previously moved up (down) the gradient of the applied modulation will move in the opposite direction. Moreover, if a particular frequency K 0 is absent from the Fourier spectrum, then A(K 0 ) is zero and the velocity vanishes simultaneously at all points in space. This corresponds to a function g(W ; x) in Eq. (1) which breaks the spatial symmetry but which is invisible to the underlying localized solution, at least with respect to its motion.
We now study the motion of cavity solitons in a two-level atomic medium placed in an optical cavity, described by the equation [2, 12] 
where E is the complex amplitude of the intra-cavity optical field, θ is the cavity detuning, ∆ is the detuning of the light field from atomic resonance, E I is an external driving field, and time and space are scaled to the photon lifetime and the diffraction length respectively.
Eq. (4) is known to possess cavity soliton solutions [2, 12] . We select one such solution and modulate the pump phase
In practice, such a modulation can be achieved by placing a mask in front of the pump beam. Using Eq. (2), we find a zero of the velocity and concomitant difference in the direction of motion on either side of the zero (Figure 1 ). Numerical integration of Eq. (4) confirms that for K < 2.5 (K > 2.5) solitons ascend (descend) the applied phase gradient and reach equilibrium at the maxima (minima) of the background modulation. 
If we redefine G in Eq. (4) as G(|E|
2 ) = i|E| 2 , the resulting equation describes an optical cavity containing a (self-focusing) Kerr medium. Again, this system exhibits soliton solutions [13] but for a typical soliton, no zeros in the velocity are observed (Figure 1 ). This illustrates the fact that, although the phenomenon is general, it is not universal, even among systems which are structurally similar. In fact, the existence of a zero of A depends on the details of the underlying solution.
We then consider the mean-field model for a degenerate optical parametric oscillator (DOPO) at resonance [10] :
where A 0 and A 1 denote the complex amplitudes of the pump and signal fields, respectively. Time has been normalized by the photon lifetime in the signal cavity, and space by the square root of the diffraction coefficient. The parameter γ = γ 0 /γ 1 is the ratio between the pump and signal cavity decay rates and E I is the amplitude of the external pump field.
In the case of plane-wave pumping, E I is a (real) constant function of x. Stable, narrow, localized solutions to Eqs. (6) (cavity solitons) exist for E I > 1 [5] . A small phase-modulation of the pump of the form (5) induces motion of the soliton.
In the left panel of Figure 2 we plot the velocity of the soliton, measured at the point of largest phasegradient, as a function of K, the wavevector of the modulation, for a fixed value of the pump amplitude, E 0 . These results were obtained by integrating Eqs. (6) on a 1024, 4096 or 8192 point grid (depending on resolution constraints) using a split-step method and with periodic boundary conditions. Also shown are the values of A(K) calculated using Eq. (3). Both the simulations and Eq. (3) indicate local extrema of A separated by zeros at K 0.351, 0.497, 1.02, 1.66. At such points the coupling between the modulation and the translational mode of the field vanishes, and there is no induced motion. As stated previously, whether a zero of A actually occurs or not depends on the details of the underlying solution, which change with the parameters of the system. The right panel of Figure 2 shows the collision and mutual annihilation of the first two zeros as the pump amplitude is increased. Note that these phenomena persist in the DOPO away from cavity resonance. 
